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Positivity of Entropy Production in the
Presence of a Random Thermostat
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We study nonequilibrium statistical mechanics in the presence of a thermostat
acting by random forces, and propose a formula for the rate of entropy produc-
tion ¢(x) in a state . When g is a natural nonequilibrium steady state we show
that efu) 20, and sometimes we can prove e(z) > 0.
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PHYSICAL INTRODUCTION

The production of entropy in nonequilibrium statistical mechanics was
analyzed in various settings in ref. 19. Here we continue this analysis by
studying the role of a heat bath, and its idealization by random external
forces.

As discussed in ref. 19, we maintain a system outside of equilibrium by
external forces which, in general, do not keep the energy constant. If no
precaution is taken, the time evolution is then represented by an unbounded
orbit in the noncompact phase space .# of the system, i.e., the energy grows
indefinitely. Physically, this heating up is prevented by coupling the system
to a thermostat, or heat bath. The energy changes are diluted in the large
heat bath, so that the system keeps a bounded energy.

If Q is the phase space of the heat bath, we thus assume a deter-
ministic time evolution in Q x.%, and we are interested in its projection in
. A priori, however, the projected time evolution in &% has no simple
description because the mutual interactions of the system and the heat bath
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936 Ruelle

cannot be disentangled. (See, however, Jaksi¢ and Pillet.'”’). One is thus led
to considering a simplified model where the heat bath acts on the system,
but the system does not act back on the heat bath. We shall return in a
moment to the physical meaning of this simplification.

The previous paper''®’ and the present one are in the line of a renewed
attack on the problems of nonequilibrium mechanics by using the ideas and
methods of differentiable mechanics. This involves in particular the impor-
tant work of Gallavotti and Cohen,'*' Chernov et a/,'* and a number of
other papers referred to in ref. 19.

Random Dynamics

Our simplified model of a system coupled with a heat bath will be
described by a random dynamical system (with discrete time for simplicity).
The heat bath itself is described by a probability space (£, P), with an
invertible, measurable, P-preserving map 7 describing time evolution; P is
assumed to be r-ergodic. (Further technical assumptions will be made
later.)

For each weQ, a difftomorphism f,, of the smooth (noncompact)
manifold & is given, and the time evolution on Q2 x & is the skew-product
transformation / on Q x % defined by

fw, x)= (1w, f,,X)

(Assumptions of smoothness of f,, and measurability of wrf,, are dis-
cussed later.)

Thermostatic Action of Random Forces

It is easy to understand qualitatively how a heat bath prevents the
heating up of a system. Suppose, for example, that the system is a gas
enclosed in a container, and that the thermostatic action of the heat bath
takes place when the particles of the gas hit the walls of the container.
Shocks with the wall are not elastic. When a particle hits the wall at very
high speed, it is released on the average with a lower speed. In this manner
the energy of the gas is prevented from increasing indefinitely (even though
there are forces acting on the gas that maintain it outside of equilibrium
and usually transfer energy to it).

The above thermostatic mechanism may be translated into the
language of random dynamical systems. Suppose, for example, that the
/., are independent, identically distributed, and that there is an energy
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function x — E(x) >0 and constants £E>0, 4 >0, « >0, and fe (0, 1) such
that

eIy < 4 if E(x)SE
<e:11:‘(,/;‘,.\‘)>m SﬁeuEl.\'i if E(.\‘) > E_

where {..-)  is the average over w. Let p, be a probability measure on &,
and p, the measure obtained from it at time » (ie., p, , , =<f.,p.>.,» Where
£.,p is the direct image of p by f,,). Write

¢, = J p(dx) e™

and suppose ¢, < +o0; we have then

Chy1 = J <(f;upu)(dx)>m elffl-\‘)

- <.[ (f”'pn)(d.\‘) e“E(-\')>
- <J p.ldx) gaE<,/.',..\<,>

= J. pll(d'\‘) <81E( /;l"\.,>ﬂ)

[

7]

<Ap{xEx)<E +p|  pldv)eti<a+pe,

Eix)>FE

Therefore by induction

A
¢, <Plco+i—3

1-8
which shows that

f p.(dx) e*F

is bounded independently of n.

In the above example the energy E(x) is unbounded, but states of high
energy are rarely visited: the system does not heat up. Notice that we are
not here separating the deterministic forces driving the system outside of
equilibrium from the random forces associated with the heat bath.

822/86,5-6-3
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Using a Compact Phase Space

We have just seen that in the presence of suitable random forces, a
system rarely comes close to infinity on %, Physically, this is in agreement
with the remarkable metastability of systems that are, strictly speaking,
unstable {like a mixture of oxygen and hydrogen at room temperature). In
the presence of random forces which prevent heating up of the system we
might as well physically assume that the phase space & is compact. In
other words we want to modify & and the f,, near infinity and replace
them by a compact manifold M and difftomorphisms (again denoted by
f.,} of M. Note that this is a physical approximation, not a mathematical
compactification of &.

The reason for this modification of our setup is one of mathematical
convenience, namely that the theorems on random dynamical systems
which we shall use have been proved for compact manifolds. Extensions to
noncompact manifolds presumably exist, but it does not appear justified to
spend much effort in proving them at this time.

Loss of Correlations in the Heat Bath

Let us briefly return to the difference between a real heat bath and
random external forces. When a real heat bath interacts with a system, it
is acted upon by the system, which transfers to it energy and information.
The transfer of information means that correlations are created between the
state of the heat bath and that of the system. Such correlations do not exist
in the case of a random dynamical system, where the time evolution in £
is independent of the factor .. A good heat bath has a short relaxation
time: correlations diffuse in it quickly, so that the action on the system
appears random (with a short correlation time) independently of the
behavior of the system. A random dynamical system is thus an idealization
of a dynamical system in contact with a good heat bath. Note that the dif-
fusion and loss of correlations in the heat bath corresponds to an increase
of the global entropy. More generally, loss of correlations may be viewed
as the basic physical mechanism leading to increase of entropy and irrever-
sibility (this fits with the discussion by Lebowitz!'®’). Admittedly, we lack
a detailed physical understanding of how correlations diffuse and are lost
in a heat bath. In the present paper we bypass this fundamental question
by using a random dynamical system instead of a realistic heat bath. It is
physically reasonable to assume that the f.., are independent and identi-
cally distributed (i.i.d.), but since this assumption is unnecessary and tends
to confuse the issues, we shall first study the general case.
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Scope of the Paper

In Section! we review some properties of random differentiable
dynamical systems {without the iid. assumption). In Section 2 we obtain
the formula for the entropy production, and study its positivity. In Sec-
tion 3 we discuss the special iid. case.

1. ERGODIC THEORY OF RANDOM DYNAMICAL SYSTEMS

1.1. Assumptions

Let us fix our mathematical framework.”> We consider a random
system consisting of a probability space (2, P}, a map t: 2 — Q such that
P is 7-ergodic, a compact manifold M, and a family (f, ), ., of dif-

feomorphisms of M. To be specific, we make the following standing techni-
cal assumptions:

e Q is a Polish space,” P is a Borel probability measure on £,
7.2 — Q is invertible, T and 7! are Borel, and P is t-invariant and
ergodic.

¢ M is a compact C* manifold.
s wi—f, 1s a Borel map Q2 — Diff (M) (allowed values of r = 1 will be

[

specified as needed).

o If J,, is the Jacobian of f,, with respect to some Riemann metric and

llw)=sup, |logJ, (x)|. then /e L'(P).

1.2. Time Entropy

A Borel map f: Q2 x M — Q x M is defined by flw, x)= (1w, f,x) and
we denote by 7 2 x M — Q the canonical projection. We assume that u is
an f-invariant probability measure on Q x M with projection mu =P. A dis-
integration (u,,),,. Of u then exists (P-a.e. unique) such that the y,,, are
probability measures on M and

Uldow dx)=P(dw) u,(dx)

2We follow here the presentation by Liu,'"" which can be consulted for more details and
references. The special iid. case, which was studied earlier,'™'"" will be discussed in Sec-
tion 3. For further background material see refs. 9 and 15.

* A topological space Q is called a Polish space if (a) Q s separable, i.c., it contains a coun-
table dense set. and (b) there is a metric on Q which defines the topology and for which
is complete. Part of the results below would hold without supposing © Polish, but this
assumption (made by Liu'"") is quite acceptable for our purposes (we could in fact make
the stronger assumption that Q is metrizable compact).
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It is convenient to write f*(w, x)=(f*), (x) [so that, for instance,
(f=Y.,=(f.-1,) " ']. Let then B be a finite Borel partition of M, and

B=BvfiBv - v N)B

If we write

Hu,, pYy=— 3 w.(B)logu,(B)

1
Be

the limit

1
hu, )= lim - H(u,,, B))

n—x N

exists and is constant for P-almost all w. The fiber entropy is defined by

hp) = sup hu, §)

and turns out to coincide with the relative (or conditional) entropy of
(i, f) with respect to m: 2 x M — Q (for these results see Bogenschiitz'*’
and for background the book of Kifer'®). Note that % is a time entropy,
different from the statistical mechanical entropy S to be discussed later.

1.3. Lyapunov Exponents and Unstable Manifolds

Choose a Riemann metric on the tangent bundle TM (with associated
distance d on M) and assume that

[ Tog™ I /01 +1og ™ IT.f 111 (o ) < o0

One may then write
-0 <A w, x) <A (w, x)< - <Ay, X)) < oo
and
TM=E"0,x)® - ®E""Nw, x)

so that r, the 1', and E'” are Borel, and for u-almost all {w, x)

lim ~log I7.(/"),,€ll = 2@, x)

n— ta
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if 0#£¢ée Ew, x), 1<i<r(w,x). This is a form of the multiplicative
ergodic theorem of Oseledec; the A'" are called Lyapunov exponents, and
the m'” =dim E‘” are their multiplicities. We define E"(w, x) to be the sum
@ E'(w, x) extended over those i for which A“/(w, x)>0 (unstable
space).

Suppose now that the f,, are C? (i, r=2), and that

[ Tlog™ I £, 2 +10g* 155"l 2] Pldew) < o0

Given w e 2, we partition M into unstable manifolds W such that the W*
containing x is

Wi(x)= {y € M: lim sup % log (/") x, (f ™", ) < O}
H— +r

One can construct an f-invariant Borel set 4 = Q2 x M, with u(4) =1 such
that, if (w, x)ed, W¥(x) is the image of E“(w, x) by a C"' injective
immersion.” The proof of the above results can be obtained by the methods
of Ruelle''”’ as noted by Liu.!'¥

The SRB condition for the measure y is, roughly speaking, that the
conditional measures on the unstable manifolds (w, W!)cQxM be
absolutely continuous with respect to the Riemann measure. Technically,
however, one cannot directly define conditional measures® on the (w, W").
This is because they usually do not form a measurable partition of Q2 x M
{each W! may be folded over upon itself so that its closure is M). One
defines a local unstable manifold W (x, local) to be the graph of a smooth
map from an open neighborhood of x in E*(w, x) to E*(w, x)*. It is then
possible to define measurable partitions of 2 x M into sets (w, S), where S
is an open subset of a local unstable manifold (for its induced topology).
If the conditional measures of i on the (w, S) are absolutely continuous
with respect to the Riemann measure of the unstable manifolds, then g is
said to satisfy the SRB condition.

We can now state two results of the ergodic theory of random differen-
tiable dynamical systems, which we shall use later in the discussion of
entropy production (for the proofs we refer to the original papers).

Theorem 1.1. Ifr>1 and
[ Ptdw) tog ™ I/l < +o0

4 The class C"! consists of functions with Lipschitz-continuous first-order derivatives.
* For the theory of conditional measures associated with measurable partitions see Rohlin.!'*!
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then the fiber entropy [ =conditional entropy of (u, f) with respect to the
projection m: Q x M — Q7] satisfies

h(u) < Ju(a’w dx) Y 1o, x)m"w,x)

i A" >0

This was first proved for a single C' map (ie., 2 reduced to one
point).""® For the extension to the present situation see Bahnmiiller and
Bogenschiitz'?-® (their paper gives a history of related results).

Theorem 1.2. If r>2 and
J’P(dw) Clog* ISl 2 +log* 11, N2l < +oo
and if u satisfies the SRB condition, then

)= Ju(dw dxy Y, 2w, x)m'Nw, x)

i >0

In the case of a single map, the above equality is known as Pesin’s
formula, and it was shown to follow from the SRB condition by Ledrappier
and Strelcyn."'" (In fact Pesin’s formula is equivalent to the SRB condi-
tion, as proved by Ledrappier and Young.''’') The generalization to
random dynamical systems of the result of Ledrappier and Strelcyn is due
to Liu.''"® Liw’s assumption that 2 is Polish allows him to apply Lusin’s
Theorem’ to connect arguments of abstract measure theory (measurable
partitions of Lebesgue spaces) and the topology of the problem.

1.4. Time Reversal

The measure x is invariant under /' (w, x)— (1 'w, f\x). The
fiber entropy computed with respect to /' is again /#(u). [ To see this, one
can, for instance, use the fact that the relative entropies of (u, f) and
(¢, f ') with respect to the projection 2 x M — 2 are the same.] It follows

® A gap in ref. 2 is fixed in ref. 1. Note that for Theorem 1.1, 2 need not be Polish, and the
/., are not required (o be diffeomorphisms (it suflices. as done in ref. 18, 10 assume that they
are C' maps).

"To the effect that a measurable function is in fact continuous outside of a set of small
measure. More precisely, let £ be a Polish space, F a topological space with countable base,
1t a (Borel, bounded) positive measure on E, and f: £ — F a Borel map. Then there is]'cqual
p-ae. 1o f. and for each &> 0 there is a compact set K< E such that g(E\K)<¢ and f|K
is continuous,
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from the definition that the Lyapunov exponents associated with /' are

the —A"Nw, x), with multiplicity m'?(w, x). The unstable manifolds
associated with f~ ' are the stable manifolds associated with /' (we shall not
use them).

2. ENTROPY PRODUCTION

Keeping the assumptions of Sections 1, we let J,, denote the absolute
value of the Jacobian of f,, with respect to some Riemann metric. If p is any
(Borel) probability measure on £ x M, we may define the entropy produc-
tion ¢,(p) by

efp)= —f pldw dx)log J (x) (2.1)

We shall use this definition only when zp =P (where = is the projection
Qx M— Q). We have then

le/(p)] < [ Pde) sup log . )| < o0

Lemma 2.1. The entropy production e{u) for the f~invariant prob-
ability measure u is independent of the choice of Riemann metric on M, and

elp)= —J pldo dx) Y. 2w, x) mNw, x)

This expression of e,(u) in terms of the Lyapunov exponents follows
from the multiplicative ergodic theorem, and implies independence of the
choice of metric. |

Theorem 2.2. If the f-invariant probability measure x satisfies the
SRB condition, then ¢ (u)=0.

By Lemma 2.1, we have

e u)= —J,u(dw dx)y A", x) m'"w, x)

1

=h(,u)—'[;t(da)d.\‘) Y Ao, x)mN o, x)

i >0

- [ h(u) + _[,u(dw dx)y Y Aw, x)mNw, x)]

i A<
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so that, by Theorem 1.2,

e_,-(u)=—[h(ﬂ)~fu(dwd\‘) Y M"’(w,x)m""(w,-\‘)l}

il <o

If h, 2 denote the fiber entropy and Lyapunov exponents, respectively,
for the time-reversed system (i.e., when f is replaced by f ', see end of
Section 1), we have thus

e u)=— [ h(p)— j,u(da) dx) Y 1w, x)mo, .\')]
[APAL )
Finally, Theorem 1.1 applied to the time-reversed system gives e {x) >0. |

Comment. If the probability measure p is absolutely continuous
with respect to the Riemann volume on M, one expects a limit u of f*p
when k — +o0 to be smooth along unstable directions, i.e., to be an SRB
measure. If we accept that (2.1) represents the physical entropy production
(see below), then Theorem 2.2 means that the physical entropy production
Is nonnegative.

2.1. Relation of e,(p} with Statistical Mechanical Entropy

For any (Borel) probability measure p on 2 x M, such that np =P, we
have the (P-a.e. unique) disintegration (p,,).,.o, Where the p , are prob-
ability measures on M, and

pldw dx)=P(dw) p,(dx)

1y

We shall use in a moment the fact that®

(fp)dw dx)=P(dw) < (f,-1.,p.1.,)dx) (2.2)

* We have indeed

'[ (fp) (dw dx) Do, x) = j‘ pldw dx) P(tw, f,,X)
=j Pdw) p (dx) Plrw. [, ,x)
= f P(dw) (£,,p. Ndx) Plzw, x)

=J‘ Pldw) (f, v,pe 10,)dX) @, x)
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Let us assume that the p,, are absolutely continuous with respect to the
Riemann volume on M. We write then p, (dx)=p,(x) dx, where p,, is the

density of p,, with respect to the Riemann volume element dx. Interpreting
dx as phase-space volume element, we define the entropy

S(p.,) = —f dx p,,(x)log p.(x)

(which is <log vol M). The entropy corresponding to p is then the average

S, = j P(dw) S(p,,) = —J pldw dx) logp,.(x)

and —o0 <SS, <log vol M.
Note that

PSS
(f;upm)((]x) - J fﬁl ) d.\

[ ({22

Using (2.2), thus yields

(fp)dw dx)=P(dw) % p1,((f ™0 ) o1 ("), X) dx

where we have written J = 1/J. Therefore
Sy = —| (fp)de dx) [log p,-1,(f ;'x) +10g 1,0 f ;)]

= — [ pldes dx) {10g p,[(/~")vss £ X1 +108 T LS )rs £ X}

—[ p(deo dx) [log p,(x) +10g 7, x)]
so that
—18,,—5,1=] pldes dx)log ], () (23)

This expression is minus the entropy put into the system in one time step,
which is equal to the entropy pumped out of the system or produced by the
system.
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The expression (2.3) agrees with the expression (2.1) postulated for the
entropy production. This justifies our definition in a special case, and in
more general cases obtained by suitable limits. We are thus led to
investigate the topology of probability measures g such that mu=P.

2.2. P-Vague Topology

Let us define
E={u: p is a Borel probability measure on 2 x M and nu =P}

and

Vaulu) = j uldew dx) ¢(x)

Ax M

where 4 is a P-measurable subset of Q, and ¢ a continuous function
M — C. We call P-vague topology the coarsest topology on F for which all
the functions ¥, are continuous.’

Proposition 2.3. With respect to the P-vague topology, E is
metrizable compact.

In order to prove this, we shall first replace 2 by a metrizable compact
space. This is possible because on a Polish space Q there is a metrizable
compact topology which gives the same Borel sets.!’ More simply we can
use the fact that a Polish space is homeomorphic to a countable intersec-
tion of open sets in a metrizable compact space.

Now that € x M is metrizable compact, the Borel measures coincide
with the Radon measures, and the set of all probability measures on 2 x M
with the vague topology'” is metrizable compact. The subset E of probabil-
ity measures such that 7y =P is vaguely closed, and E is thus metrizable
compact for the vague topology. We are going to see that this vague topol-
ogy on E coincides with the P-vague topology defined above.

Y Given a finite number of pairs (4, ¢)).... (4, $,). and &> 0, let
N={ueE |V )=V, (uy) <clori=1.. n}

Such sets form a basis of neighborhoods of u, e E Tor the P-vague topology.

" The vague topology on measures on the compact set 2 x M is the topology of pointwise
convergence on the space %(2 x M) of continuous functions. In other words, the vague
topology is the w*-topology ol the dual 4(Q2 x M)*.
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Let us show that the P-vague topology on E is coarser than the vague
topology. It suffices to prove that

N= {/1 EE: |V (1) — ¥ 1(tto)l <8}

contains a vague neighborhood of u, in £. We may assume ¢ #0 and
choose a continuous function : Q — R so that it is close to the charac-
teristic function of 4 in the L'(P) norm:

I — x4||u\3 191

where ||¢| is the uniform (=sup) norm of ¢. Then

Iy @)~ 00| = [ e ) [e0) = 0] )

<ol - —xall i <e/3
The vague neighborhood of g, defined by

{HEE (Y ®¢) — poly ® )| <e/3}

is then contained in N as announced.

The P-vague topology separates points of E and is coarser than the
vague topology, for which E is compact. Therefore the P-vague and the
vague topology coincide on E, and the proposition follows. ||

Proposition 2.4. 1If p'” tends to u for the P-vague topology, then
lim Jp"”’(dw dx)logJ, (x)= j,u(dw dx) log J (x)

As in the previous proof, we may take £ to be compact metrizable.
We apply Lusin’s theorem to the measure [ 1 + Jw)] P(dw), where [(w) =
sup, |log J.(x)|, and to the map w—logJ, (-) of 2 to ¥(M) (space of
continuous functions on M, with the sup-norm). We obtain thus a compact
set KcQ with P(K)>1—¢, |, Pldw) (w)<e and (w, x)+—logJ, (x)
continuous on K x M. The restriction of p'" to K x M tends vaguely to the
restriction of u to K'x M (this results from the proof of Proposition 2.3 with

Q replaced by K); therefore

J (m)(dw d‘() lOg Jm( ‘() - f da) d‘f lOg J,,,(.\
K x M

I\x}\/l
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and

p(m)(a’w d.\‘) log jm('\‘)

< P(dw) (w) <&
O\K

'[Q\I\") x M

< P(dw) l(w) <&

O\K

#(des dx)log J,(x)

Jx(.Q\K ) x M

Since ¢ is arbitrarily small, the proposition follows. ||

Theorem 2.5. Let p(dw dx)=P(dw) p,(dx). Assume that the p,,
are absolutely continuous with respect to the Riemann volume, and that
S,> —oco. If 4 is any P-vague limit of the measures p'™ = (1/m) X720 f*p,
then e,(1) 2 0.

By Proposition 2.4 and Eq. (2.3) we have

m—1

efu)=lim e(p"")=lim — Y [—Spus,+Su,]

nm— m— v M k=0

1
= hI‘n E [ _S/'IM/'+SI,]

n—

Since S, is finite and S,~p bounded above by log vol M, the limit in the
right-hand side i1s >0, as announced. |

3. THE L1.D. CASE

To describe the case where the f., are independent identically dis-
tributed (see ref. 13, and, for background, ref. 8), we write w = («,),., With
a;€ A, so that Q=47 We also write P(dw)=TT,., p(dw,), where p is a
probability measure on 4. We take f,, to depend only on «, and write
Jo» =Sz Our standing assumptions of Section I are thus replaced by the
following.

» A 1s a Polish space, p a Borel probability measure on 4 (we denote
by 7 the shift on 4%).

e M is a compact C” manifold.

» a— f,, is a Borel map 4 —» Diff"(M), r=2.

« If J,,, is the Jacobian of f|,, with respect to some Riemann metric,
and /(«) =sup, |log J,,(x)|, then /e L'(p).
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If the probability measure 4 on 2 x M has projection zu =P on Q, we
have the disintegration u(dw dx)=P(dw) u,(dx). We denote by E< the set
of those u such that u,, does not depend on the future, i.e., u,, depends only
on «; for i <0. Define also the maps s: Qx M - AxM, 1: Ax M — M, and
0 =ts: Q2 x M — M such that

(0, X) =5 (09, X) > %, (@, x) —"— x
and let
m=0u, m, = 6fu
It is readily seen that if 4 € E<, then the image of fi by s is of the form
(sfu)(dot, dx) = p(det,) m\(dx)
and
m|=jp(don)f,1,m (3.1)
Also, fE< < E< and the entropy production for u € fE< has the expression

/() = [ pldo) m(dx) log J,, (x) (32)

Proposition 3.1. Let uefE<, and assume that m = fu has density
m with respect to the Riemann volume element dx, i.e., m(dx)=m(x) dx.

(a) The density m,,, of f,,m and the density m, of Ofin are given by

m(xX)=m(f 5 x) J(f ) X)
() = [ plee) ()
(b) If S(m)= —{ dx m(x)log m(x)> —co, then
e/(1) = = pldec) Sty + S(m)
(c) Let d(a, X) =m,/m,(x); then

Jp(doc) S(m(i,)—S(m,)=Jm,(dx) [ —fp(dot) d(a, x) log é(a, x)] <0
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(d) In particular, if m=m, (1e, if 4 is f-invariant), we have
e,20

and e,>0 unless m,,=m(x) a.e. with respect to p(da) m(x) dx."'

Part (a) follows from the definitions and (3.1). We have

— [ p(d) Sr1,.0) + Stm) = | plo) [ —S(0) + Ste)]

=Jp(da) fdx m,(x)log J,,(x)

and (b) follows from (3.2). Note that we have jp(dcx) o(a, x) =1, therefore
[ ptdn) St1,20) = (1) = [ () SO, ) ()= Sty

=Jm,(dx) [ — [ ptda) 8(a, x) 1og 3(a, )
but | p(da) &(«, x) =1 also implies
Ip(da)éa x) log(s( <jp(doc) log1 <0

proving (c). From (b) and (c¢) we obtain e,;O when m=m,, and in fact
e,> 0 unless d(a, x) [equal to m,(x}/m(x)] is 1 almost everywhere. This
proves (d). |

Remarks. (a) While in the general case (Section 2) fand /' play
symmetric roles, this symmetry is broken in the present section because
(1'7 ' )(m) ?é (ﬁx(rl) -

(b) From Proposition 3.1(b), (c) it is clear that, in the steady state,
the entropy produced by the system is equal to minus the entropy that it
extracts from the heat bath.
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" This has been noted by Kifer®' and Ledrappier and Young.''™ Proposition {2.4.2).
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